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Abstract
For three-dimensional competitive Lotka–Volterra systems, Zeeman [M.L. Zeeman, Hopf bifurcations in
competitive three-dimensional Lotka–Volterra systems, Dyn. Stab. Syst. 8 (1993) 189–217] identified 33 stable
nullcline equivalence classes. Among these, only classes 26–31 may have limit cycles. Hofbauer and So
[J. Hofbauer, J.W.-H. So, Multiple limit cycles for three dimensional Lotka–Volterra equations, Appl. Math. Lett.
7 (1994) 65–70] conjectured that the number of limit cycles is at most two for these systems. In this paper, we
construct three limit cycles for class 29 without a heteroclinic polycycle in Zeeman’s classification.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Lotka–Volterra (L–V) competition is modelled by a system of differential equations describing the
competition between two or more species that share and compete for the same resources, habitat or
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Fig. 1. The phase portraits on Σ of class 29 with interior fixed point. The fixed point notation is as in [1].
territory (interference competition). The n-dimensional competitive L–V model is
dxi
dt
= xi
(
bi −
n∑
j=1
ai j x j
)
, i = 1, 2, . . . , n, (1)
where xi is the number or density of species i , bi is the intrinsic growth rate of species i , and the ai j ’s
are the interaction coefficients. The parameters bi and ai j are strictly positive.
The dynamics of the 2-dimensional L–V competition model is well understood. If two species
compete, there are no periodic solutions and all bounded orbits converge to an equilibrium point (see [3]).
For 3-dimensional competitive L–V systems, the dynamical possibilities are more restricted than for
general L–V systems: Hirsch [4] has shown that all nontrivial orbits approach a “carrying simplex”, a
Lipchitz 2-dimensional manifold-with-corner homeomorphic to the standard simplex in R3+ via radial
projection. This then leads to a Poincaré–Bendixson theorem for 3-dimensional competitive systems
(see [5]). Recently, the existence and global attractivity of the carrying simplex have also been verified
in time-periodic competitive L–V systems [6]. Based on the remarkable result of Hirsch, Zeeman [1]
defined a combinatorial equivalence relation on the set of all 3-dimensional L–V competitive systems
and identified 33 stable equivalence classes. Of these, only classes 26–31 may have limit cycles (see [1,
7]). Open problems remain concerning the number of limit cycles. Hofbauer and So [2] were the first to
give an example in class 27 (with a heteroclinic polycycle) with two limit cycles surrounding the interior
equilibrium. Lu and Luo [8] have constructed two limit cycles in three cases without a heteroclinic
polycycle (classes 26, 28 and 29).
Apparently, the main questions now are (i) whether or not there are at most finitely many limit cycles
on the carrying simplex; (ii) whether there can be more than two limit cycles in classes 26–31. For
question (i), Xiao and Li [9] have proved that the number of limit cycles of the 3-dimensional competitive
L–V systems is finite if the system does not have a heteroclinic polycycle. Question (ii), as pointed out
by Hofbauer and So [2], is a very difficult problem and they conjectured that the number of limit cycles
is at most two for 3-dimensional L–V competitive systems.
Recently, Lu and Luo [10] were the first to give an example in class 27 (with a heteroclinic polycycle)
with three limit cycles. This gives a partial answer to Hofbauer and So’s conjecture. In this paper, we
will construct three limit cycles in class 29 without a heteroclinic polycycle (see Fig. 1) and thus give
a counterexample to Hofbauer and So’s conjecture which is qualitatively different from that of Lu and
Luo [10]. We conjecture that there also exist three limit cycles in class 26.
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2. An example with three limit cycles
In this section, we present an example of a 3-dimensional competitive L–V system with at least three
limit cycles in class 29 without a heteroclinic polycycle.
The idea for constructing such an example with three limit cycles is as follows. We consider a
3-dimensional competitive L–V system of class 29 in Zeeman’s classification, which is indeed uniformly
persistent [11], and where the unique interior fixed point E has the following properties: (a) there is a pair
of purely imaginary eigenvalues at E ; (b) the first focal value vanishes, and (c) the second local value
is positive. Thus E is a weak focus of multiplicity 2 repelling on its center manifold. This implies the
existence of an asymptotically stable limit cycle Γ1 by the Poincaré–Bendixson theorem on the carrying
simplex Σ . If we now change some of the parameters slightly, the equilibrium will undergo a generic
Hopf bifurcation, that is, the interior equilibrium E first becomes a weak focus of multiplicity 1 attracting
on its center manifold and will be surrounded by another, smaller, unstable limit cycle Γ2; then one of
the parameters is changed slightly so that a supercritical Hopf bifurcation occurs, and hence E becomes
a focus repelling on Σ and surrounded by the smallest stable limit cycle Γ3 of the three existing limit
cycles.
The remaining work is to check to which class in Zeeman’s classification the constructed system
belongs. Using Zeeman’s notation, we have Ri j = sgn(αi j ) and Qkk = sgn(βkk), with αi j =
bi a j i/aii − b j = (ARi ) j − b j and βkk = (AQk)k − bk . Here Ri is the equilibrium on the xi -axis,
and Qk is the positive equilibrium on the plane of xk = 0.
If Q33 = −1, R12 = −1, R13 = −1, R21 = −1, R23 = 1, R31 = 1, R32 = −1, then the system (1)
belongs to class 29 in Zeeman’s classification.
Consider the 3-dimensional competitive L–V system
x˙i = xi [A(E − x)]i , i = 1, 2, 3, (2)
where
A = (ai j ) =


2
129
26
λ
27
136
1 µ
99
100
79
6
181
36


with two positive parameters µ and λ. A necessary condition (see [9]) that A has a positive real
eigenvalue and a pair of purely imaginary eigenvalues is
det(A) = (A11 + A22 + A33) · tr A,
where tr(A) = ∑3i=1 aii , A11 = a22a33 − a23a32, A22 = a11a33 − a13a31 and A33 = a11a22 − a12a21.
Then a simple calculation yields that µ = 148137475100576964 − 11422593100576964λ. Let yi = 1 − xi , i = 1, 2, 3, and set
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z = T y; then system (2) is transformed to a new one whose linear part is in the block diagonal form
linear part =


−632955
846118
156919212655475
255299938877256 −
11422593
100576964λ 0
94122741
21152950
632955
846118
0
0 0
289
36



z1z2
z3


where y = col(y1, y2, y3), z = col(z1, z2, z3), and
T =


27
136
−253
36
148137475
100576964
− 11422593
100576964
λ
99
100
79
6
−3
340041807
201153928
+ 300794949
201153928
λ
387
26
+ 79
6
λ
19109734275
2615001064
+ 11702860525
1810385352
λ


.
This can be reduced to the 2-dimensional case by computing the center manifold
z3 = F(z1, z2) = f2(z1, z2) + f3(z1, z2) + f4(z1, z2) + h.o.t.,
where fi =∑ij=0 ci j zi− j1 z j2, and h.o.t. denotes the terms with order greater than or equal to five. Solving
for the ci j ’s and substituting by appealing to the method in [8] one obtains a rather complicated and
lengthy expression of the first focal value LV1 and the second focal value LV2:
LV1 = f1(λ)f2(λ), LV2 =
g1(λ)
g2(λ)
,
where
f1(λ) = −7139120625(588761603083785384127036661508498136883449032λ4
− 10645591432228919681423121174963424577878777716λ3
+ 58800212557536279681971948183832470586407248122λ2
− 110138947820001095130109579416340544376845179475λ
+ 105100051109054286534963651334843321925555528125),
f2(λ) = 3937373499268036(153302801402250836060884765780160734488λ3
+ 40989603583253410085518837697636475507225λ2
+ 3185752890442594033776136333117816292625000λ
+ 56932577068027366681632696744684683338250000),
and g1(λ) is a polynomial of 14 terms with degree 13 and g2(λ) is a polynomial of 13 terms with degree
12.
We computed LV1 and LV2 as a rational number using the computer algebraic system Maple. In the
following, we choose a = 9.229462, b = 9.229464. A straightforward calculation yields that LV1 has a
unique root λ0 ∈ (a, b) and LV1 > 0 for λ ∈ (a, λ0), LV1 < 0 for λ ∈ (λ0, b).
Moreover, LV2 > 0 for λ ∈ (a, b), det(A) < 0 for λ ∈ (a, b), and µ = 148137475100576964 − 11422593100576964λ > 0
for λ ∈ (a, b). It follows that for λ ∈ (a, b) system (2) is a competitive system that satisfies the condition
of the eigenvalues; that is, for λ ∈ (a, b) the equilibrium E of system (2) has a negative real eigenvalue
and a pair of purely imaginary eigenvalues.
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Since for any λ ∈ (a, b), Q33 = −1, R12 = −1, R13 = −1, R21 = −1, R23 = 1, R31 = 1, R32 = −1,
the system (2) belongs to class 29 in Zeeman’s classification.
Now, we can construct three limit cycles for system (2). We have already shown that there exists
λ0 ∈ (a, b) such that LV1 = 0 and LV2 > 0. This implies that E is repelling on its center manifold
(which is on the carrying simplex Σ ). On the other hand, it is easy to see that the system (2) is uniformly
persistent. Then it follows from the Poincaré–Bendixson theorem of the 3-dimensional competitive
system that there exists an asymptotically stable limit cycle on the carrying simplex Σ . To obtain
the second limit cycle, perturb λ0 to become slightly larger so that LV1 < 0 and adjust µ such that
µ = 148137475100576964 − 11422593100576964λ which keeps the linear part of the system (2) in a center-focus form, then the
second limit cycles bifurcates. In order to obtain the third limit cycle, we need the following lemma.
Lemma 2.1. Consider the following matrix
Aλ,ε =


−2 −129
26
−λ
− 27
136
−1 −µ − ε
− 99
100
−79
6
−181
36


with two real parameters λ, ε, where µ = 148137475100576964 − 11422593100576964λ, ε > 0.
Then there exists an ε0 > 0, such that the real part of the conjugate complex roots of Aλ,ε is positive
for each λ ∈ (a, b) and 0 < ε < ε0.
Proof. The characteristic equation of matrix Aλ,ε is∣∣∣∣∣∣∣∣∣∣∣∣∣
−2 − λ¯ −129
26
−λ
− 27
136
−1 − λ¯ −µ − ε
− 99
100
−79
6
−181
36
− λ¯
∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,
which implies(
λ¯ + 289
36
)
(λ¯2 + λ¯0) + c0ε = 0,
where λ¯0 = 17077110608 − 99100λ − 796 µ − 796 ε, µ = 148137475100576964 − 11422593100576964λ, c0 = 446192935100 .
We take ε0 = 110000. Then λ¯0 ∈ (1.2, 1.5) for all λ ∈ (a, b), ε ∈ (0, ε0). We claim that there exists a
positive constant α ∈ (0, 2ε) (where ε ∈ (0, ε0)) such that(
λ¯ + 289
36
)
(λ¯2 + λ¯0) + c0ε =
(
λ¯ + 289
36
+ α
)(
λ¯2 − αλ¯ + λ¯0 + α
(
289
36
+ α
))
. (3)
To prove the claim, we only have to prove that there exists α ∈ (0, 2ε) such that(
289
36
+ α
)(
λ¯0 + α
(
289
36
+ α
))
= 289
36
λ¯0 + c0ε.
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In fact, set
ϕ(x) =
(
289
36
+ x
)(
λ¯0 + x
(
289
36
+ x
))
.
Then
ϕ(0) = 289
36
λ¯0 < c0ε + 28936 λ¯0,
ϕ(2ε) =
(
289
36
+ 2ε
)(
λ¯0 + 2ε
(
289
36
+ 2ε
))
> c0ε + 28936 λ¯0,
where ε ∈ (0, ε0). By the Intermediate Value theorem, there exists α ∈ (0, 2ε) such that ϕ(α) =
c0ε + 28936 λ¯0; that is, (28936 + α)(λ¯0 + α(28936 + α)) = 28936 λ¯0 + c0ε, hence the claim is true. The lemma
follows directly from (3) and α > 0. 
Now we return to the existence of the third limit cycle. Changing Aλ,0 to Aλ,ε(ε ∈ (0, ε0)) so
slightly that the former two limit cycles are kept intact, it follows from Lemma 2.1 that E undergoes
a supercritical Hopf bifurcation which implies that E will be surrounded by a new limit cycle which is
the smallest of the three existing limit cycles.
Remark 2.1. The process of our construction is very artificial and technical. We should admit that the
parameter in our example where three limit cycles coexist is extremely small (just in an interval with
length 2 × 10−6). Three limit cycles would be impossible to find by numerical integration. Since the
second focal value seems to be closely related to the center problem (see [2]), we conjecture that the
maximum order of a focus would be 2 and the maximum number of limit cycles in the 3-dimensional
L–V competitive systems is 3.
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